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A recently developed formula for the Hall coefficient [A. Auerbach, Phys. Rev. Lett. 121,
66601 (2018)] is applied to nodal line and Weyl semimetals (including graphene), and to spin-orbit
split semiconductor bands in two and three dimensions. The calculation reduces to a ratio of
two equilibrium susceptibilities, where corrections are negligible at weak disorder. Deviations from
Drude’s inverse carrier density are associated with band degeneracies, Fermi surface topology, and
interband currents. Experiments which can measure these deviations are proposed.
PACS numbers: 72.10.Bg,72.15.-v
Semimetals are characterized by proximity of the Fermi
energy to band degeneracies. Vigorous research has been
recently invested in semimetals on surfaces of topological
insulators [1, 2], Dirac and Weyl semimetals [3–8], and on
semimetal platforms for Majorana states applications [9].
This paper focuses on the Hall coefficient of semimetals,
which has been traditionally used to measure the charge
carrier density n using Drude’s relation RH ∝ n−1. In
semimetals, Drude’s relation may break down due to
multiband effects, and Fermi surface topology. For ex-
ample, corrections to Drude’s relation was found by Liu
et al.[10] for spin-orbit split semiconductor bands. Multi-
band conductivity calculations involve coupled Boltz-
mann equations with interband collision integrals which
are quite challenging [11, 12].
We can avoid coupled Boltzmann equations by apply-
ing the Hall coefficient formula [13, 14] to multiband
Hamiltonians. The dissipative scattering rates drop out,
and RH is primarily determined by the non-dissipative
Lorentz force captured by the current-magnetization-
current susceptibility χCMC, and the conductivity sum rule
χCSR which governs the reactive response.
Crucial to our approach is the estimation of the formula’s
correction term R, which is determined by higher mo-
ments of the dynamical conductivity. This paper shows
that in the “good quasiparticles” (Boltzmann) regime, R
can be neglected for disorder strength less than the Fermi
energy.
Our key results are: (i) For Weyl point semimetals in
two and three dimensions, (including graphene) the in-
traband RINTRAH (n) exhibits a Drude-like divergence, which
is cut off by interband scattering at low densities. (ii)
The nodal line semimetal (see Fig. 1) exhibits a con-
stant (rather than diverging) Hall coefficient, with a sign
change at the nodal energy. (iii) Previous results [10]
of spin-orbit split bands are extended into the interband
transport regime, and to three dimensions. (iv) R is
shown to be relatively suppressed by the disorder poten-
tial fluctuations divided by the Fermi energy squared.
FIG. 1. Nodal line semimetal. The nodal line is marked
by black circle of radius k0. The three dimensional toroidal
Fermi surface (top) is depicted. At the upper right corner,
the qualitative behavior of the Hall coefficient is compared
to Drude relation, for density n as measured from the nodal
circle filling.
The paper ends with a summary and proposals for ex-
periments.
The Hall coefficient as derived directly from the Kubo
formulas [13, 14] is,
RH ≡ lim
B→0
(
σ−2xx
∂σyx
∂B
)
=
χCMC
χ2CSR
+R . (1)
σαβ is the conductivity tensor (assuming C4 symme-
try) and B is the magnetic field in the z-direction.
χCMC =
(
jy, [M, jx]
) − (jx, [M, jy]) and χCSR = (jx, jx),
are thermodynamic susceptibilities which involve the uni-
form currents jα and magnetization M = −∂H/∂B. The
quantity R will be estimated later. Eq. (1) applies to a
general interacting Hamiltonian H.
A spherical band ε(k) = ε(k) in dimension d yields at
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2zero temperature the following susceptibilities:
d = 2 :
{
χCMC = e
3
[
ε′(kF)
]2
/4pic
χCSR = e
2kF ε
′(kF)/4pi
d = 3 :
{
χCMC = e
3kF
[
ε′(kF)
]2
/6pi2c
χCSR = e
2k2F ε
′(kF)/6pi
2 ,
(2)
where ε′(kF) is the derivative of ε(k) at the Fermi
wavevector kF. The density is n = k
2
F/4pi in d = 2 and
n = k3F/6pi
2 in d = 3, and the Hall coefficient obeys
Drude’s relation χCMC/χ
2
CSR = 1/nec [15].
Drude’s relation however does not necessarily hold in gen-
eral two-band models for non interacting Bloch electrons,
H0 ≡
∑
k
2∑
l,l′=1
c†lk hll′(k) cl′k . (3)
A random potential with fluctuation V 2dis introduces a
transport scattering rate ~/τtr ∼ V 2dis/|εF|, where εF is
the Fermi energy measured from the band extremum.
Within the “good quasiparticles” regime, ~/τtr  εF,
the ratio of the disorder strength to interband gap at the
Fermi energy ∆ε, defines two distinct transport regimes.
Importantly, we have the freedom to choose for evalua-
tion of Eq. (1), the effective Hamiltonian which governs
the low energy correlations. Our choice determines the
form of χCMC, χCSR and well as R, which we wish to mini-
mize.
(i) Intraband regime applies for V 2dis  (∆ε)2. Interband
scattering is suppressed, and transport is dominated by
band-diagonal current matrix elements,
jαINTRA = e
∑
i,k
c†ik v
α
i (k) cik , α = x, y , i = 1, 2,
MINTRA =
ie
2c
∑
i,k
c†ik
(
vyi (k)
∂
∂kx
− vxi (k)
∂
∂ky
)
cik (4)
with vαi (k) = ∂εi(k)/∂kα, where εi(k) (i= 1, 2) are the
eigenvalues of hll′(k). The susceptibilities in this regime
are [16],
χINTRACMC =
e3
c
2∑
i=1
∫
ddk
(2pi)d
Fi(k)
(
− ∂f
∂ε
)
ε=εi(k)
Fi(k) =
[
vyi (k)
]2 ∂vxi (k)
∂kx
− vxi (k) vyi (k)
∂vyi (k)
∂kx
χINTRACSR = e
2
2∑
i=1
∫
ddk
(2pi)d
[
vxi (k)
]2(− ∂f
∂ε
)
ε=εi(k)
.
(5)
fi is the Fermi-Dirac distribution of band εi(k) at tem-
perature T and chemical potential εF. Using Eqs. (5) in
Eq. (1) recovers the venerable Boltzmann equation result
in the “isotropic scattering limit” [17, 18].
FIG. 2. The two dimensional Weyl cone, whose bands are
depicted in the upper left. The intraband Hall coefficient
(online, blue) and conductivity sum rule (online, orange) are
plotted versus the density of carriers n as measured from the
nodal filling. Pink (online) regions mark the low density inter-
band dominated transport regime, where the interband gap
is lower than the disorder potential Vdis. In this regime, the
conductivity sum rule χINTERCSR does not vanish at the nodal den-
sity, and the Drude-like divergence of the Hall coefficient is
cut off (see text).
(ii) Interband regime applies within the range (∆ε)2 ≤
V 2dis  ε2F, where disorder is strong enough to mix the
two bands (but still weak enough to neglect R, see later
discussion). Interband currents now contribute to the
longitudinal conductivity and to χCSR [11]. In this regime,
the susceptibilities must involve full two-band operators
represented by 2× 2 matrices,
jαll′(k) ≡ e
∂hll′(k)
∂kα
Mll′(k) ≡ ie
2c
(
jyll′(k)
∂
∂kx
− jxll′(k)
∂
∂ky
)
,
(6)
which yield the interband susceptibilities which can be
conveniently expressed by [16],
χINTERCMC =
∫
ddk
(2pi)d
2∑
i=1
f
(
εi(k)
)
F INTERi (k)
F INTERi (k) = e
[
U†k
(
∂
∂ky
[
M, jx
]− ∂
∂kx
[
M, jy
])
Uk
]
ii
χINTERCSR = e
∫
ddk
(2pi)d
2∑
i=1
f
(
εi(k)
) [
U†k
∂jx(k)
∂kx
Uk
]
ii
(7)
The unitary matrix Uk diagonalizes h(k). We note that
the operator ∂
[
M, jα
]
/∂kβ includes a derivative ∂/∂kα
acting to the right on Uk. This derivative captures the
effect of SU(2) rotation of Bloch states inside the Fermi
volume.
We now apply Eqs. (5) and (7) to calculate the Hall co-
efficients of the following models.
1. Weyl semimetals – When the product of time reversal
and inversion is not a symmetry of a system, the band
3structure may exhibit Weyl points, where two bands in-
tersect at the Fermi level. Expansion of the semimetal
band structure near a linear point degeneracy results in
the d-dimensional 2-band Weyl Hamiltonian [19]
H0 = v0 k · σ (8)
which yields the conical dispersion ε±(k) = ±v0 |k|, see
Fig. 2. For d = 2, this could describe surface states of
a three dimensional topological insulator [1], or a sin-
gle Dirac cone in graphene [20]. For d = 3, this could
describe one Weyl cone in a Weyl semimetal.
The density (per cone) is n = sgn(n) kdF/2dpi
d−1, where
kF is the Fermi wavevector. In the intraband transport
regime,
χINTRACMC =
e4v20
c
kd−2F
2dpid−1
sgn(n) ∝ sgn(n) |n|(d−2)/d
χINTRACSR =
v0
2dpid−1
kd−1F ∝ |n|(d−1)/d ,
(9)
which recovers the Drude relation RINTRAH = 1/nec.
For the interband regime [16] we find that,
χINTERCMC (n) = χ
INTRA
CMC (n) , χ
INTER
CSR(n) ∝ n0. (10)
At low densities, the interband regime takes over when
∆ε < Vdis, as depicted by pink (online) shaded areas in
Fig. 2. Since the sum rule in Eq. (10) does not vanish
at the Weyl point the Drude-like divergence of the Hall
coefficient is cut off at the Weyl point.
Unfortunately, a quantitative calculation of RINTERH in this
regime is not available, since the Fermi energy is half
the interband gap. This violates the “good quasiparti-
cles” condition, and R cannot be neglected (as explained
later). Nevertheless, since χINTERCSR > 0, the saturation of
RINTERH <∞ at the Weyl point still holds.
2. Nodal-line semimetal – It is also possible for two bands
to touch along a curve, as is the case in a nodal line
semimetal [6, 21]. Such a state of affairs has reportedly
been observed in the compound ZrSiSe [22] as well as in
optical lattices with ultracold fermions [23].
We consider a nodal circle of radius k0 in the kz=0 plane,
as depicted in Fig. 1. The dispersions near the nodal line
are expanded for low values of δk⊥ =
√
k2x + k
2
y−k0 and
kz,
εk± ' ±v0
√
α2
(
δk⊥
)2
+ k2z (11)
where α is a dimensionless anisotropy parameter. Here
we limit the calculation to the intraband regime at zero
temperature, where n = k0ε
2
F/4piαv
2
0 . By Eq. (5), the
susceptibilities are
χINTRACMC =
3e3v20α
2n
4k20c
, χINTRACSR = e
2v0
(
α3k0n
16pi
)1/2
, (12)
Model χINTRACSR R
INTRA
H χ
INTER
CSR R
INTER
H
2d Weyl |n|1/2 1/n const ≤ const
3d Weyl |n|2/3 1/n const ≤ |n|1/3
nodal line sm |n|1/2 sgn(n)
TABLE I. Nodal line semimetal and Weyl semimetals in 2 and
3 dimensions. The density dependence of the conductivity
sum rules and Hall coefficients are given for the intraband
and interband transport regimes.
which yields an unusual density dependence of the Hall
coefficient,
RINTRAH =
12pi
αk30ec
sgn(n) (13)
The nodal line semimetal exhibits a density independent
Hall coefficient with an abrupt sign reversal, at zero tem-
perature and disorder.
The density dependences of Weyl and nodal line semimet-
als are summarized in Table I.
3. Semiconductor bands with an inversion-asymmetric
zinc blende structure, e.g. GaAs and CdTe, are sub-
jected to spin orbit interactions described by the Kane
and Luttinger models [24–26]. They share with semimet-
als the small interband gaps near the Fermi energy. We
study two models: (i) The (heavy) hole bands in a two
dimensional quantum well (2dH) [10]:
h2dH(k) =
k2
2m
I ± β [ky(k2y − 3k2x)σx + kx(k2x − 3k2y)σy]
(14)
where the Rashba parameter β depends on the perpen-
dicular electric field [10]. The bands ε2dHk± = k
2/2m±βk3
are rotationally symmetric, and split by β.
(ii) The conduction band in a cubic crystal, with spin
orbit interaction splitting expanded up to third order in
k [26],
h3dC(k) =
k2
2m
I± β h(k) · σ (15)
h(k) =
(
k2y − k2z
)
kxxˆ+
(
k2z − k2x
)
kyyˆ +
(
k2x − k2y
)
kzzˆ
the dispersions ε3dCk± = k
2/2m ± β|hk|, have cubic sym-
metry.
We find that for both models, Eq. (14) and 15), the sus-
ceptibilities and Hall coefficients are corrected by terms
of order order β2:
χCSR =
e2
m
(
n+ β2∆χCSR
)
, RH =
1 + β2K(n)
nec
, (16)
The results for the corrections of both Eq. (14) and (15)
are listed in Table II. The density dependence and sign
of the intraband corrections for the heavy holes model
4FIG. 3. Spin-orbit split Fermi surfaces (FS) of conduction
electrons described by the Hamiltonian Eq. (15). Top left:
Density dependence of the non-Drude correction K, Eq. (16).
Model ∆χINTRACSR /m
2 KINTRA/m2 KINTER/m2
2dH −18pin2 18pin −18pin
3dC −8.0(1)n5/3 −17.5(1)n2/3 −23.0(1)n2/3
TABLE II. Spin-orbit corrections to the sum rule and Hall
coefficient factor for the two dimensional hole bands Eq. (14),
and three dimensional conduction bands, Eq. (15). Results
for the intraband and interband transport regimes are dis-
played. The conductivity sum rule receives no order β2 cor-
rection in the interband regime.
(14) are consistent with Ref. [10]. Our new results for
the interband regime [16] show that while χINTERCMC = χ
INTRA
CMC ,
the sum rule is different, since it acquires no order β2
corrections, i.e. χINTERCSR =
e2n
m . As a result, we obtain thatKINTER = −KINTRA, that is to say, the spin-orbit correction
to the Drude Hall coefficient reverses sign as disorder
increases between the intraband and interband scattering
regimes.
For h3dC(k), the spin-orbit correction ∆χ3dCCSR is of order
−n5/3 due to the k3 scaling of h(k). The interband sus-
ceptibility χINTERCMC is not equal in magnitude to χ
INTRA
CMC , which
appears to be due to non-spherical symmetry of the band-
structure, as shown in Fig. 3.
Estimation of R – The correction term is explicitly given
by the sum [14]:
R = 1
χCSR
∞∑
i,j=0
(1− δi,0 δj,0) (17)
×
i∏
i′=0
(
−∆2i′−1
∆2i′
) j∏
j′=0
(
−∆2j′−1
∆2j′
)
M2i,2j
In the metallic phase, RH < ∞, and hence the sum in
Eq. (17) must converge. The matrix elementsM2i,2j are
cross susceptibilities of the hypermagnetization
[
M, •]
between two Krylov basis operators [14]. These coeffi-
cients can be bounded by,
|M2i,2j | ≤ |M0,0| ≡ |χCMC|
/
χCSR . (18)
Here {∆i′} are the recurrents of the continued fraction
expansion of σxx [27, 28]. They depend on the moments
{µ2i} which can be calculated as expectation values of
powers of the Liouvillian L = [H, •] applied to jx. For-
tunately, we do not need to evaluate all the moments. It
suffices for our purpose to estimate µ2 and µ4,
µ2 ≡
(
jx,L2jx) ∝ χCSR (V 2dis + (∆ε)2)
µ4 =
(
jx,L4jx) ∝ χCSR (V 2dis + (∆ε)2) ε2F , (19)
where we neglect terms higher order in (V 2dis+(∆ε)
2)/ε2F.
By (19) we can estimate the ratio,
∆21
∆22
=
µ22
χCSR µ4 − µ22
∝ V
2
dis + (∆ε)
2
ε2F
(20)
which is a common factor of all the terms in Eq. (17),
except for i = 0 or j = 0 which require separate attention.
These contributions are estimated by
∆1
∆2
|M0,2j | ∝ |M0,0| V
2
dis + (∆ε)
2
ε2F
. (21)
By Eqs. (18), (20) and (21), the correction term is pro-
portional to,
|R| = C |χCMC|
χ2CSR
(
V 2dis + (∆ε)
2
ε2F
)
. (22)
where C is a constant independent of Vdis,∆ε.
What is the difference between the intraband and inter-
band regimes for estimates of R? For the intraband
regime,
[H0, jαINTRA] = [H0,M] = 0, and there is no
O(∆ε2) term in Eq. (22). In the interband regime, by
definition 0 < (∆ε)2 ≤ V 2dis, and hence the bound on R
is still negligible under the general “good quasiparticles”
condition V 2dis  ε2F. We conclude that RH is well approx-
imated by the ratio of the appropriate susceptibilities, in
both the intraband and interband transport regimes.
Summary – Eq. (1) provides insight into deviations from
Drude’s relation in semimetals. Our calculations demon-
strate the effects of non-spherical and multiple Fermi sur-
faces, and interband scattering. These effects should be
considered when comparing the “Hall number” (R−1H ) to
the Fermi volume, as determined by e.g. angular resolved
photoemmision [2], and magneto-transport oscillations
[29, 30]. For graphene, we also propose to split the Dirac
cones by an in plane magnetic field. The Hall coefficient
should vanish between gate voltages Vgate = ±gµBB/e,
which may enable measurements of the compressibility
at low densities.
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CURRENT CROSS SUSCEPTIBILITIES
Here we derive the expressions leading to Eqs. (5) and (7) in the main text. The general expression of susceptibility
between two second quantized operators jˆα and Aˆ is [14],
(jˆα, Aˆ) =
1
Z
∑
nm
e−βEn − eβEm
Em − En 〈n|jˆ
α|m〉〈m|Aˆ|n〉, (23)
where Z = Tre−βH, β is the inverse temperature, and H is the full Hamiltonian with spectrum {En, |n〉}. This current
susceptibility can be written as an expectation value using the polarization operator
(jˆα, Aˆ) =
1
Z
∑
n
e−βEnIm〈n|
[
Pˆα, Aˆ
]
|n〉 ≡ Im〈
[
Pˆα, Aˆ
]
〉, (24)
where Pˆα is defined by Ehrenfest relation, [
H, Pˆα
]
= ijˆα (25)
For band electrons, translationally invariant single particle operators are represented by the bilinear forms,
Aˆ =
∑
k,ll′
c†k,lAkll′ck,l′ , jˆ =
∑
k,ll′
c†k,lj
α
k,ll′ck,l′ ,
H0 =
∑
k,ll′
c†k,lhk,ll′ck,l′ , Pˆ
α = i
∑
k,l
c†k,l∂kαck,l, (26)
where l, l′ are band indices. The susceptibilities are given by the integrals,
(jˆα, Aˆ) = lim
q→0
∑
ij
f(εki)− f(εk+qj)
εk+qj − εki j
α
ki,k+qj Ak+qj,ki . (27)
The intraband currents are diagonal in the eigenstates with dispersion εi(k) = (U
†
khkUk)ii. Thus, in Eq. (27) only
terms with i = j survive, and
f(εk+qi)−f(εki)
εk+qi−εki → ∂εf(εi(k)) leading to Eqs. (5) in the main text. For the full interband
currents, the susceptibilities are more conveniently expressed using Eq. (24):
(jˆα, Aˆ) =
∑
k,i
f(εi(k))
(
U†k (∂kαAk)Uk
)
ii
, (28)
which yield Eqs. (7) in the main text.
WEYL SEMIMETALS
A general Weyl Hamiltonian is
H = v0
(
d∑
i=1
aikiσ
i + ukzI
)
(29)
where u 6= 0 describes a tilted Weyl Hamiltonian. For u = 0, it is possible to substitute k′i = aiki and map the
Brillouin zone integrals to those of a spherical band. This for u = 0 we restrict ourselves to ai = 1.
7Intraband regime, u = 0
Near the Weyl point, the dispersion is spherically symmetric
ε(k) = ±v0|k| (30)
Using Eq. (2) (main text) noting that ε′(kF ) = v0, we obtain the intraband susceptibilities in two dimensions as
n =
k2F
4pi
, χINTRACMC =
e3v20
4pic
sgn(F ), χ
INTRA
CSR =
e2v0
4pi
kF (31)
and in three dimensions
n =
k3F
6pi2
, χINTRACMC =
e3v20kF
6pi2c
sgn(F ), χ
INTRA
CSR =
e2v0
6pi2
k2F (32)
Both two and three dimensions recover Drude’s relation for RH, although they differ in the density dependences of
the individual susceptibilities.
Tilted 3d Weyl cone 0 < u < 1
Using polar coordinates k = (k, θ, φ), the dispersion and radial velocities are
ε(k) = v0k(1 + u cos θ), (33)
Defining the equator Fermi wavevector by kF =
εF
v0
, we obtain,
χINTRACMC =
e3v20
12pi2c
kF
∫ 1
−1
d cos θ (1 + u cos θ) sin2 θ =
e3v20
6pi2c
kF sgn(F ),
χINTRACSR =
e2v0
12pi2
k2F
∫ 1
−1
d cos θ
sin2 θ
1 + u cos θ
=
e2v0
6pi2
k2F
(
u+ (u2 − 1)arctanh(u)
u3
)
(34)
which yields a Hall coefficient at small u:
RINTRAH '
1
nec
(
1− 2
5
u2 +O(u4)
)
(35)
Interband regime, u = 0
The two band current is wave-vector independent, jα = ev0σα and therefore the integrands in χCSR, χCMC acquire
contributions only from the band bottom, while the integrand of χCMC also depends on the wavefunction rotation
matrix (∂kαUk)U
†
k around the Weyl singularity:
U†k
e
c
∂α[M, j
β ]Uk = αβ
e3v20
2c
[σα, σβ ]∂β(∂αUk)U
†
k =
e3v20
c
piδ2(k)
χINTERCMC = (χCMC)0 +
e3v20
c
∫
ddk
(2pi)d
(f(v0k) + f(−v0k))δ2(k) = χINTRACMC
χINTERCSR = const (36)
NODAL LINE SEMIMETAL
The dispersions for the nodal-line semimetal in three dimensions are expanded near the nodal line for small values of
δk⊥ =
√
k2x + k
2
y − k0 and kz
εk± ' ±v0
√
α2
(
δk⊥
)2
+ k2z (37)
8which corresponds to a nodal circle of radius k0 in the kz = 0 plane. α is a dimensionless anisotropy parameter, given
by α = k0√
m2+k20
.
The density is related to the Fermi energy by
n =
k0ε
2
F
4piαv20
. (38)
The intraband velocities and their derivatives are given by
vx(k) =
∂k
∂kx
=
v20α
2
k0k
kxδk⊥, vy(k) =
∂k
∂ky
=
v20α
2
k0k
kyδk⊥
∂vx(k)
∂kx
≈ v
2
0α
2
k0k
(
δk⊥ +
k2x
k0
)
,
∂vy(k)
∂ky
≈ v
2
0α
2
k0k
(
δk⊥ +
k2y
k0
)
,
∂vx(k)
∂ky
≈ v
2
0α
2
k0k
kxky
k0
. (39)
Now using k2x + k
2
y ≈ k20 + 2k0δk⊥, the conductivity sum rule at zero temperature is calculated to be,
χINTRACSR =
e2
(2pi)3
∫
dkz
∫
dk⊥dθ k⊥
α4δk2⊥
k2
1
2
(
1 + 2
δk⊥
k0
)
δ(k − εF) = e2αk0εF
8pi
(40)
The mean Fermi surface curvature is given by,
F (k) =
1
2
(
[vx(k)]2
∂vy(k)
∂ky
+ [vy(k)]2
∂vx(k)
∂kx
− 2vx(k)vy(k)∂v
x(k)
∂ky
)
≈ v
6
0α
6
2k3k30
δk3⊥(k
2
0 + 2k0δk⊥) (41)
Using this, the current-magnetization-current susceptibility at zero temperature is given by,
χINTRACMC =
e3
c
1
(2pi)3
v60α
6
k20
∫
dkz
∫
dk⊥dθ k⊥
δk4⊥
k3
δ(k − εF) = 3e
3αε2F
16cpik0
(42)
Therefore we find,
RINTRAH =
χINTRACMC
(χINTRACSR )
2 =
12pi
αk30ec
sgn(n). (43)
HEAVY HOLES MODEL
The full two band model of spin-orbit split heavy holes band [10] bands is
H2dHk =
k2
2m
+ hxkσx + h
y
kσy =
k2
2m
+ βk3
ˆ˜
φk · σ (44)
where β is the Rashba coefficient, and
ˆ˜
φk is a unit vector in the direction φ˜k = 3φk +
pi
2 .
The spectrum is,
k
± =
k2
2m
± βk3 (45)
which yields two Fermi circles with radii difference kF+ − kF− = ∆kF = −2mβk2F , where kF = (k+F + k−F )/2. The two
radial velocities are
∂ki =
k
m
± 3βk2 (46)
9Intraband regime
For the intraband susceptibilities of two concentric spherical fermi surfaces, we can use the formula RINTRAH =∑
i χCMC(i)
(
∑
i χCSR(i))
2
, where for each band separately χCMC(i), χCSR(i) are given by Eq. (2) of the main text. An thus, up
to order β2, we obtain the following quantities, for n =
k2F
2pi ,
χINTRACMC =
e3
m2c
(n− 18pim2β2n2), χINTRACSR =
e2
m
(n− 18pim2β2n2), RINTRAH =
1
nec
(
1 + 18pim2β2n
)
(47)
Interband regime
The unitary transformation which diagonalizes the Eq. (44) is
Uk = e
− i2 φ˜kσze−
i
4piσ
y
(48)
The velocity matrices are given by,
vxk = ∂kxHk =
kx
m
− 6βkxkyσx + 3β(k2x − k2y)σy,
vyk = ∂kyHk =
ky
m
+ 3β(k2y − k2x)σx − 6βkxkyσy. (49)
The sum rule is given by rotating the operator ∂∂kx v
x
k onto the σ
z axis using Eq. (48).
χINTERCSR = e
2
∑
k,i=±
fi
(
U†k
(
∂
∂kx
vxk
)
Uk
)
ii
=
e2
m
∑
k,i=±
fi + 6β
∑
k
(f+ − f−)k cos(2φk) = ne
2
m
(50)
where the second term vanishes by circular symmetry of the band structure and
∫ 2pi
0
dφk cos(2φk) = 0.
The magnetization matrix operator of Eq. (6) of the main text is,
Mss′(k) =
ie
2c
(
vyk
∂
∂kx
− vxk
∂
∂ky
)
ss′
(51)
Commuting M with the velocities yields an anti-hermitian operator
[M,vyk] =
ie
4c
(
vyk∂kxv
y
k − vxk∂kyvyk − [vxk, vyk] ∂ky + h.c.
)
[vxk, v
y
k] = iβ
218
(
4k2xk
2
y + (k
2
x − k2y)2
)
σz = iβ218k4σz. (52)
The operator in χCMC is
Mk = ie
(
∂kx(e [M,v
y
k])− ∂ky (e [M,vxk])
)
=
e3
c
(
1
m2
− 72β2k2 + β2k2iσz (36 k ×∇k + 9k2∇k ×∇k)) (53)
The transformation of the last term to the Hamiltonian eigenbasis is given by
iU†kσ
z
(
36 k ×∇k + 9k2∇k ×∇k
)
Uk =
3
2
(
36 k ×∇kφk + 18pik2δ2(k)
)
= 54β2k2 (54)
where the δ2(k) does not contribute because of the prefactor of k4. Hence
(U†kMUk)ii′ =
e3
m2c
(
1− 18β2k2) δii′ (55)
Thus we obtain the Hall coefficient to order β2,
RINTERH =
1
nec
1− 18m2β2 1
N
∑
k,i
f(k
i)k2
 = 1
nec
(
1− 18pim2β2n) (56)
where we note that the sign of the correction is opposite to that of RINTRAH in Eq. (47).
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3D CONDUCTION BAND
For the conduction band [26] in three dimension, the Hamiltonian is given by,
H3dCk =
k2
2m
+ β
[
(k2y − k2z)kxσx + (k2z − k2x)kyσy + (k2x − k2y)kzσz
]
(57)
where the spectrum is ,
k± =
k2
2m
± β
√
(k2y − k2z)2k2x + (k2z − k2x)2k2y + (k2x − k2y)2k2z (58)
and the unitary matrix which diagonalizes h3dC is
Uk = e
− i2 φ˜kσze−
i
2 θ˜kσ
y
.
tan θ˜k =
√
k2x(k
2
y − k2z)2 + k2y(k2z − k2x)2
kz(k2x − k2y)
, tan φ˜k =
ky(k
2
z − k2x)
kx(k2y − k2z)
. (59)
Intraband regime
We numerically evaluate the sum rule and the numerator of the magnetization, which behave as,
χINTRACSR =
ne2
m
(
1− 8.0(1)m2β2n2/3
)
, χINTRACMC =
ne3
m2c
(
1− 33.5(1)m2β2n2/3
)
. (60)
Therefore, the intraband Hall resistivity is given by,
RINTRAH =
1
nec
(
1− 17.5(1)m2β2n2/3
)
. (61)
Interband regime
The velocities are
vxk =
kx
m
+ β(k2y − k2z)σx − 2βkxkyσy + 2βkxkzσz
vyk =
ky
m
+ 2βkykxσ
x + β(k2z − k2x)σy − 2βkykzσz (62)
The sum rule is
χINTERCSR = e
2
∑
k,i=±
f(k
i)
(
U†k
(
∂
∂kx
vxk
)
Uk
)
ii
=
ne2
m
+ 2e2β
∑
k
(f+ − f−) k
(
cos θk cos θ˜k − sin θk sinφk sin θ˜k sin φ˜k
)
=
ne2
m
(63)
The order β term vanishes under angular integration by symmetry.
The commutator of the magnetization with the currents is,
e [M, vyk] =
ie2
4c
(
vyk∂kxv
y
k − vxk∂kyvyk − [vxk, vyk] ∂ky + h.c.
)
, [vxk, v
y
k] = 2iβ
2Ck,
Ck = kxkz(4k2y + 2k2x − 2k2z)σx + kykz(4k2x + 2k2y − 2k2z)σy + (3k2xk2y + k2z(k2x + k2y − k2z))σz. (64)
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Thus, the operator in χCMC is
U†kMUk = U†k
{
ie
[
∂
∂kx
, e [M,vyk]
]
− ie
[
∂
∂ky
, e [M, vxk]
]}
Uk
=
e3
c
(
1
m2
+
2β
m
U†k(kxσ
x − kyσy)Uk − 4β2k2 + β2U†kRkUk
)
,
U†kRkUk =
(
∂Ck
∂kx
i∂Uk
∂ky
− ∂Ck
∂ky
i∂Uk
∂kx
+ Ck
(
∂
∂kx
i∂Uk
∂ky
− ∂
∂ky
i∂Uk
∂kx
))
U†k (65)
The order β term in Eq. 65 vanishes upon integration.We define,
∂Ck
∂kx
= kz(4k
2
y + 6k
2
x − 2k2z)σx + 8kxkykzσy + kx(6k2y + 2k2z)σz ≡ Ax · σ
∂Ck
∂ky
= 8kykxkzσ
x + kz(4k
2
x + 6k
2
y − 2k2z)σy + ky(6k2x + 2k2z)σz ≡ Ay · σ (66)
Uk = e
− i2 φ˜kσze−
i
2 θ˜kσ
y ≡ Uφ˜kUθ˜k
i
∂Uk
∂kα
U†k =
1
2
∂φ˜k
∂kα
σzUk +
1
2
∂θ˜k
∂kα
(
Uφ˜kσ
yU†
φ˜k
)
=
1
2
(
∂φ˜k
∂kα
σz +
∂θ˜k
∂kα
(cos φ˜kσ
y − sin φ˜kσx)
)
≡ Bα · σ (67)
where
Bx =
{
−1
2
∂θ˜k
∂kx
sin φ˜k,
1
2
∂θ˜k
∂kx
cos φ˜k,
1
2
∂φ˜k
∂kx
}
By =
{
−1
2
∂θ˜k
∂ky
sin φ˜k,
1
2
∂θ˜k
∂ky
cos φ˜k,
1
2
∂φ˜k
∂ky
}
. (68)
Therefore,
U†kRkUk = U†k
(
∂Ck
∂kx
i∂Uk
∂ky
− ∂Ck
∂ky
i∂Uk
∂kx
)
Uk
= U†k [(Ax · σ)(By · σ)− (Ay · σ)(Bx · σ)]Uk
= (Ax ·By −Ay ·Bx) + U†kiσ · (Ax ×By −Ay ×Bx)Uk (69)
The second term is anti-hermitian and should vanish. We have numerically checked that the second term goes to zero
for all values of k, which yields from Eq. 65,
χINTERCMC =
ne3
m2c
(
1− m
2β2
n
∑
ki
f(k
i)
(
4k2 − (U†kRkUk)ii
))
=
ne3
m2c
(
1− 23.0(1)m2β2n2/3
)
(70)
Therefore, the interband Hall resistivity is given by,
RINTERH '
1
nec
(
1− 23.0(1)m2β2n2/3
)
(71)
